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PREFACE
The Systems Analysis Branch of the Information Systems Division
performs the task of communication systems engineering and analysis
at the Maimed Spaceflight Center. This NASA organization provides
support to the Apollo program in the areas of performance specifi-
cations,'testing, tradeoff studies, and predictions:
The Systems Analysis Section, a part of the Houston Aerospace Systems
Division of the Lockheed Electronics Company, aids in the accomplish-
ment of these tasks by maintaining and operating a developmental,
electronic and mechanical production and testing capability. The
capability includes provisions for testing prototype models of tele-
communication subsystems and components. In addition, a subsystem
and component analysis capability is provided. The Systems Analysis
Section performs this function as a part of the broader responsibilities
of the Telecommunications Systems Department.
The analysis described in this report was accomplished to provide
additional information concerning the behavior of specific elements
of the Apollo Communication System. It forms the basis for evaluating
results from laboratory measurements. The plan for making these
measurements is described in HASD 822227.
The analysis contained herein concerns the performance of a band pass
limiter and a phase detector, connected in cascade, for phase modulato-a
signals. An earlier report, HASD 822228 emphasized the behavior of
the band pass limiter.
^ 	 ii
This report has been prepared for the Information Systems Divi-
sion of NASA's Manned Spacecraft Center under Contract NAS 9-5191.
It is distributed for information purposes only. The conclusions
and recommendations contained herein should neither be regarded
as representing a firm position of NASA's Manned Spacecraft Center,
nor should they obligate or commit the Center in any way.
f
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The response of a cascade connected limiter and phase detector
to phase modulated signals are reported. Output signal to noise
expressions are derived for sinusoidal modulating signals and
phase modulated subcarriers. Two computer programs have been
prepared to calculate the SNR transfer characteristics for the
specific PM signals. The computed results are plotted to predict
the performance of the cascade connection. Different modulation
indices are considered in evaluating the performance of the product
type phase detector.
C
I. INTRODUCTION
Portions of the mathematical model used to predict performance for
the Apollo Unified S-Band System are dependent upon the performance
of a limiter-zonal filter-phase detector-LP filter cascade. Most
of the analyses in this area are not complete and are not necessarily
applicable to the Apollo Co maumication System. The analysis which
follows was made to provide results which are directly applicable to
the Apollo Communication System.
Gardner [1] has done some analysis for this particular combination
of circuit functions. But his simplified :analysis only concerns the
very low and very high regions of input SNR. Wynn [2] did a statistical
analysis of the combined circuit functions, using the same approach as
Davenport [3], [4]. Wynn also obtained the asympototic SNR transfer
characteristic expressions for very low and very high input SNR regions.
The important SNR transfer characteristics in the threshold region
is not easily obtained. Recently, Sevy published the results of his
work concerning limiter-detector behavior for angle modulated signals,
but no W transfer characteristics was given in his analysis [5], [6].
The purpose of this paper is to obtain a complete input to output SNR
transfer function of the limiter-zonal filter-detector-LP filter
cascade with the input as the sum of stationary gaussian noise and
PM signal. The calculation of the output SNR is accomplished by the
ust^ of first order statistics. This direct approach was used suc-
cessfully in calculating the SNR transfer characteristics of a hard
limiting bandpass limiter [7) . The derived theretical expressions
and the calculated results will be given in the following paragraphs.
Several modulation indices will be considered for the phase modulated
signal.
C
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II. GENERAL ANALYSIS
The limiter and phase detector cascade are as shown in Figure 2.1.
The effect of passing a PM signal and narrow band random noise
through this particular combination of circuit elements will be
considered in this study. The PM signal voltage Vs (t) can be
expressed as:
Vs
 (t) = Vs Sin_ (Wct + %(t))
- Vs [Sin Wct Cos (om (t)) + Cos Wct Sin (%(t))] (1)
where
Vs	 J-2PS
PS = Total signal power	 -
C6(t) - Modulation signal
We - 2wfc - Carrier angular frequency
Put the modulation signal em(t) to be:
em (t)- s Sin Wmt
	 (2)
where
s - Modulation index
Wm - Modulating signal angular frequency
2
Substituting eq..-_tion (2) into equation (1), we have
Vs (t) = Vs [Sin wct Coss Sin wmt)
+ Cos wct Sin (a Sin wmt)]
= Vs [Sin wct(Jo (s) + 2
	
	 J2n(s) Cos 2n wmt)
n=
+ Cos wct(212n _ 1 (s) Sin(2n-1) wmt)] (3))
n-
f
At modulation index a < 1, equation (3) can be approximated by:
yt) = Vs JO (a)Sin wct + 2 Vs J 1 (a) Sin %t Cos wct (4)
The narrow band random noise can be expressed as:
Nin (t) = x (t) Sin wct + y (t) Cos wct	 (5)
mere	 x(t) = a Cos n
y (t) - a Sin n
a	 rms value of noise = JX2(t) + y2(t)
n	
tan-1 tyLtIN
 t
c
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The total input voltage Vin (t) of signal plus noise is,
Vint) = Vs (t) + Nin(t)
Is J0 (a)+ x(t) ] Sin wot
+ [2 Vs Jl (s) Sin wmt + y(t)) Cos wct	 (6)
Since the r.m.s. value of 2 s J 1 (8) Sin mt is N ` Vs J 1 (s) , we
can put,
X = x(t) + Vs JO (a)(7)
	
Y = y(t) + ,^fl Vs J 1 (s)
	
(3)
Because the noise is assumed to be stationary and gaussian. The prob-
ability density functions of x and y are
X2
P(x) =	 1 e	 (9)
2r a
2
P (Y) =	 1 e- 2v2	 (10)
27r v
Thus, the probability density functions of X and Y are
(X - Vs 10(s))2
P(X) _ 	 a	 (11)
V"' v
(Y -^2 Vs J1(s))2
P(Y) =
	 1 e	 Q2	 (12)
2n a
4
From equations (11) and (12), the joint probability function of
the two independent random variables X and Y is
(X - Vs Jo (B)) 2 + (Y - ^f Vs J1(B))2
	
P(X, Y) _	 e	 2Q2	 (13)
The joint probability density function P(V, o) for the envelope V
and the random phase angle 0 can be obtained from the following relation.
P(V, o) = VP (X, Y)	 (14)
where	 V = IF—T- Y-
0 = tan 1 X
X = V Cos 0
Y = V Sin 0
Substituting equation (13) into equation (14), we get
(X - VS Jo (B)) 2 + (Y - ^l VS J1(B))2
	
N, )	
V	 262P 0 = ^e
FV Cos 0 - V J (8)1 2 + N Sin o	 F2 	 J.(8)12
V
21r 62 
e 262
(15)
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Since
[V Cos 0 VS J0 
(0) 2 + [V Sin 0	 VS j 1 ( a ) ] 2
V2 2V [Vs Cos 0 JO (B) +VZVs Sin oil(B)]
+ VS j2
0
(0) + 2V2 j2(a)
S 1
[V vs (Cos 0 JO (0) +	 Sin 0 j 1 (a))]2
+ V2
S
 J2
0
 (a) Sine E) - (2 
^ 
V2 Sin C Cos 0)
S
po (o) jl ($ )) + 2V2 j2 (a) COS 2 E)
S I
(V - yS(COS 0 Jo(a) +,j Sin 6 j1(o))]2
+ VS [Jo (a) Sin E)	 J1 (a)  COS -0] 2	 (16)
Thus equation (15) becomes
[V - V S (Cos 0 Jo(S) +V[2- Sin 
0 j1($))]2
v Lo`
P, (V	 e
VS po (0) Sin E)	 J1 (a) COS 0 ) 2
202
e (17)
The probability density function P(E)) of the randan phase variable
0 is:
OD
P(0)	 f P (V, 0) dV0
V2S [j 0 (a) Sin e -
	
	
i1 (a) COS 0]2
NfT 
e	
2a2
fo -[V V S (COS 0 JO (a) +	 Sin 0 j	 2/ 2 G2 dV (18)V e
T
The integral of equation (18) can be evaluated as:
V2
S
[J
0
(0) Sin 0 - ^L11 (B)Cos o]2
P(0)	 1 e	 a
4,ra2
00
2[V - VS (COS 0 J0 (S) +, 2 Sin o J, (0))]
[V - VS (COS 0 Jo (B) + t2 Sin o J1(0))]2
e-	
Q2 	 dV
+ 2VS [Cos 0 Jo (B) + , 2 Sin 0 J 1 (B) ]
00 - [V - VS (Cos o Jo (B) + Il Sin 0 J 1 (B) ] 2
J e
	
dV
0
V2 p (B) Sin 0 
--IF
 J 1 (B) Cos o]2
1 2cr2
 
e
cc
4a2 a e-" 
2 
da
-VS (Cos 0 JO M +,qT+,q Sin 0 J 1 (B) )
V` a
+ 2 Na
 
a VS [Cos 0 J0 (B) + 4f Sin 0 J1(B)]
go
z
e
_ 
n drn
-VS [Cos 8 Jo (B) +	 Sin 0 J1 (B) ]	
(19)
^a
8
Since the error function erf (x) is defined as;
x
2
erf (x) _ - .
	
e
_
 dn
y"
with the following properties:
erf (-x) = -erf (x)
erf (m) = 1
Therefore equation (19) can be expressed as:
V2 [JO (s) Sin e - ^2 J 1 (5) Cos o]2
F(U) _ 4-2 e
	
02
VS [Cos 0 Jo (s) + J2 Sin 0 J 1 (s) ] 2
2a2
 e	 a
+ V-" a Vs [Cos 0 J0 (s) + sjl Sin 0 J 1 (s) ]
+erf V
s [Cos 0 JO M +^2 Sin 0 J1(5)1
l 
6	 )- I
(20)
(21)
9
V2 [J2 (0) + 2 J1 (0) ]
P(G) _ T
1 e
	
a2
V
+	 s	 [Cos 0 Jo (8)+ j Sin o J 1 (s) ]
'%FirQ
s [Cos 0 J0 (a) + ,,,a Sin 0 J1(s)]1 + erf	
NIT a
VS[J (s) Sin 0 - ^T J 1 (0) Cos 0]2
e	
202 (22)
The input signal to noise ratio z is defined as:
V2
S
Z = T-
02
Substituting equation (23) into equation (22).
We have,
P(o)	 1TV e -Z p2 (0) + 2 Ji (s) ]
+	 [Cos 0 J 0 (B)+ f2 	 o J1($)]
L
1 + erf [JZ(Cos 0 Jo (0) + ^7 Sin 0 J, M) ]l
J
e
-Z[Jo(B) Sin o -. J 1 (0) Cos O]2
(23)
(24)
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Equation (24) is the probability density function for the random phase
variable o of the combined signal plus noise with input signal-to-
noise ratio Z .
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III. OUTPUT SIGNAL TO NOISE RATIO FOR TM CASCADE CONNECTION
Suppose the maximum amplitude of the limiter is ± VL . Then the
first zonal output of the limiter-bandpass filter combination can be
expressed as:
4VL
VfZ (t) _ n [Sin 0 Cos wct + Cos 0 Sin wct]
4VL 
Sin(wct + 0)	 (25)
where 0 is the phase angle random variable which is governed by the
probability density function P(0). [Under the assumption that the
random phase variable 0 is stationary (in wide sense) and erogodic]
Assuming the phase detector reference is:
Vr(t) = VR Cos (wct + OR)	 (26)
The filtered instantaneous output of the phase detector should be:
2 V V
Vo (t) -
	
IT 
R Sin (0 - OR)	 (27)
Therefore the output signal of the phase detector is:
2 V V
So =	
n 
R E{Sin (0 - OR)}	 (28)
where
E{Sin (0 - OR)} -
2n
fP (0) Sin (0 - OR) do
12
P (0) _	 1TTr_ 
e [Jp (0) + 2 Ji (a) ]
+111" [Cos 0 Jo(S) + q7 Sin o J1(S)J
[1 + erf V (Cos 0 J o (S) + ,J Sin o J l( S))]]
e -Z[Jo(S) Sin o - ^f J 1 (S) Cos 0]2
If the phase detector is the last stage of demodulation, the output
signal power Pso is:
4 V2
 V2R
Pso	 2	 [EI Sin (o - OR)), 2
V
The output noise power Pno of the phase detector -video filter
combination is:
4 VL VR	
^Pno = ---^ E J[Sin (0 - OR) - E Sin (a - OR) }]2
n
where
E {[Sin (o - OR) - E(Sin (o - oR))]2}
2n
=	 r [Sin (® - oR) - E(Sin (o - 9R)1] 2 P(o) do
(29)
(30)
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sPs 	[ElSin  (0 - 0R)1 2
=	 r	 (31)n	 EJ[Sin (O - OR) - E Sin (o - OR)
Usually the reference is 900 out of phase with respect to the carrier
i.e. e  = 00 . Then equation (31) becomes
Ps 	 E Sin 01 2
P.	 TE(Sin  0 - E^Sin o^]2
In case the subcarrier is a phase modulated signal, the output
,j	 signal to noise ratio should be calculated differently. As
shown in Figure 2-2, both the in-phase and out-of -phase noises
affect the rand= phase angle o .
The in-phase signal Si for OR = 0 is,
2 V V
Si =	
n 
R 
E{S in 0}
where
2n
E{Sin o}	 1 P(0) Sin 0 do
Likewise, the out-of-phase component is
2V V
S0	
R 
E{Cos o}	 (34)
(32)
(33)
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f	 The output phase detector signal power is:
4VLVR
Ps =	 2	 [E{Sin 0}] 2	 (35)
n
The instantaneous in-phase and out-of-phase noises which affect the
random phase angle 0 are:
2 V V
ni =	 R [Sin 0 - E{Sin 0}]	 (36)
2 V V
no =	
L R [Cos 0- E{Cos 0}] 	 (37)
The in-phase and out-of-phase noise powers are:
4 VL V2
P i =	 2 E J[Sin 0- E{Sin o}]21	 (38)
a
2 2
Pno	 4 VL2VR EJ[Cos 0 - E{Cos 0}]21	 (39)n
The effective noise pager 
n
 due to the two noise components can be
expressed as:
Pni (So + Pno) 
1/2
Pn	 no + no Si + ni
AWL
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i4 VL VR
Pn =	 2 EJ[Cos 0- E{Cos 0 }]2 )? 1
n
+ E{(Sin 0- E{Sin 0 }) 2 1 [(E{Cos 0 })2
E{(Cos o - E{Cos 01) 2 1 [(E{Sin o })2
• E{ (Cos 0 - E{Cos 01) 21] 1i ^ 2	 (40)
• E{(Sin 0 - E{Sin 0 })2}]
Therefore, the output signal to noise ratio is:
Ps _ E{Sin E))]2
n	 n
C
(41)
where n is the effective noise power expressed in equation (40).
16
Two computer programs have been prepared and used to calculate the
output signal to noise ratio using the same probability density
function (equation (24)) for the random phase variable o . The first
computer program calculated the output signal to noise ratio
k
s according to equation (32). Samples of the results of the
Pn
calculations are listed in Tables 1 and 2 for modulation indices
a = 0.4 rad and 1.0 rad respectively.
For each input signal to noise ratio (Z), the above mentioned tables
give the calculated results of the output signal to noise ratio
P	 P/P	 P /P
Ps and the ratio of sZ n given in dB. A plot of sZ n versus
f- ,z
n
input signal to noise ratio (Z) is shown in Figure 3 with modulation
indices a = 0.1, 0.2, 0.4, 0.6, 1.0, 1.4 and 1.85. For modulation
indices B < 1, the results agree with Gardner's prediction [1] at
very high and very low signal to noise ratio regions. Figure 3 also
gives a precise prediction for the important threshold region. The
SNR transfer characteristics versus modulation index a is shown in
Figure 4 which is derived from Figure 3. The calculated results
are accurate enough for 0 6 1.
A more complicated probability density function (including the
necessary intermodulation terms) should be used to calculate the
SNR transfer characteristics for 8 > 1.
In order to predict the performance of a PM subcarrier, a second
computer program was prepared to calculate the output signal to
noise ratio of the cascade connection, according to equation (41).
The results of this calculation are shown in Table 3 and 4 for
modulation indices 0 - 0.4 rad and a - 1.0 rad. Tables 3 and 4
give information that is similar to the information in Table 1 and 2.
17
P 
/PA plot of ---f n versus input signal to noise ratio (Z) is shown
in Figure 5 with modulation indices B = 0.4, 0.6, 1.0, 1.4 and 1.85.
Figure 5 gives the performance prediction for PM signals over a
complete input SNR region. A plot of SNR transfer characteristics
versus total SNR in is given in Figure 6.
18
V. OPTIMIZATION AND CONCLUSION
1. Optimization and Result
In the previous section, we have derived the probability density
function P(0) of the random phase variable 0 for a PM signal
plus noise with modulation index a and input SNR (Z). The derived
probability density function is:
P(0) 	 1 e-Z p2 (a) + 
2j2(8)]
Tr
+j [Cos 0 Jo (a) +,j Sin 0 J 1 (a) ]
[l + erf W (Cos o J 0 (a) + -42— Sin 0 J 1LB))]]
e-Z[Jo(a) Sin 0 - ^ff j, (0)Cos 0] 2
	
(42)
f
In the high signal to noise ratio region, P(0) can be approximated
by the following expression.
P(0) = K1 + K2 [Cos 0 J o (s) + N2 Sin o J1(s)]
e-Z[Jo(s) Sin 0 - V2 J 1 (a) Cos 0] 2
	
(43)
where K1 and K2 are considered as constants for fixed values of
a and Z .
1
19
E	 (.
1 t
The maximum of P(0) occurs at dPdo  = 0 .
According to equation (43), we have
	
do	 K2 W Cos 0 J1(0) - Sin 	0 J0(8)]
e -Z [Jo (s) Sin 0 - 17 J 1 (s) Cos E)]2
- 2K2 [COS0 J O ( 8) + #1 Sin 0 J1(s)]2
Z[Jo(s) Sin 0 - V2 J 1 .(s) Cos o]
e-Z[Jo(s) Sin o - f J 1 (s) Cos 0] 2
 = 0 .	 (44)
One solution of equation (44) is:
V Cos a J, M - Sin o J0 (0) = 0
tan
	
f J 1 (s)	 (45)i.e.,	 0 -
	 Jo s
Thus, the maximum of the probability density function changes as
the modulation index changes. This implys that the optimum response
of the phase detector should occur when the reference is 90 0 out of
phase with the angle.
1i^ J1(s)
	O p
 = tan-' Jo 
s	
(46)
r^
•
20
For instance, op equals 39.15° for s = 1.0 rad.
This indicates that the peak of the probability density function
occurs at 39.150 , leading the carrier. Thus, the optimum reference
of the phase detector should be set to 900 - 39.150 = 50.850 lagging
the carrier.
The optimum SNR transfer characteristics has been calculated for
Op = 39.150 and 5 = 1.0 rad. The calculated data are shown in Table
5. It is found that the optimum SNR transfer characteristic for
a = 1.0 rad has an improvement of about 4 dB. Figure 7 is a plot of
SNR transfer characteristics with s = 1.0 rad and op = 39.150 , 500,
600 , 700 , 800 , 90°. The SNR transfer characteristics, versus o p , at
a = 1.0 rad are shown in Figure 8 with SNR in :-- -30 dB, -20 dB, -10 dB,
-6 dB, -4 dB, -2 dB, 0 dB, 2 dB, 4 dB, 6 dB, 8 dB, 10 dB, 20 dB, 30 dB.
2. Conclusion and Recommendation
(1) The calculated SNR transfer characteristics for the hard limiting
bandpass limiter is in close agreement with the result of Blachman.
This proves the feasibility of such direct method approach.
(2) The results of Figure 3 and 4 give accurate SNR predictions for
a < 1 rad. At higher modulation index settings, an even more
complicated probability density function should be derived to
calculate the SNR transfer characteristics. In the case of PM
subcarrier, the SNR transfer characteristics are predicted by
Figure 5 and 6. It is shown in Figure 5 that the SNR transfer
function versus SNR of the total received signal are pret^y
much independent of the modulation index of the PM subcarrier.
(3) Although the optimization technique gives a 4 dB over all improve-
meet for B - 1.0 rad. This does not imply that the predetection
21
SNR transfer characteristics of the PM subcarrier in Apollo
Caamunication System could be optimized to obtain such SNR
improvement.
Due to the sinusoldally varying modulation index of the PM sub-
carrier, a reference of exactly 900 out of phase with the carrier
is still the best possible reference. A somewhat more sophisti-
cated modulation and demodulation scheme should be studied to
optimally use the nonlinear characteristics of both the limiter
and the phase detector and obtain the desired SNR transfer char-
acteristic improvement.
r
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TABLE 1. CALCULATED DATA ACCORDING TO EQUATION (24) FOR s = 0.4 RAD
P P /P
Z p- -r n (dB)
0.768528 x 10 -6
n
0.120720 x 10 -5 1.961201
0.153706 x 10-5 0.241441 x 10 -5 1.961203
0.230559 x 10-5 0.362161 x 10 -5 1.961204
0.307411 x 10 -5 0.482881 x 10-5 1.961206
0.384264 x 10 -5 0.603602 x 10 -5 1.961208
0.461117 x 10-5 0.724323 x 10-5 1:961210
0.537970 x 10 -5 0.845044 x 10 -5 1.961212
0.614823 x 10 -5 0.965765 x 10 -5 1.961214
0.691676 x 10 -5 0.108649 x 10 -4 1.961216
0.768528 x 10-5 0.120721 x 10 -4 1.961218
0.153706 x 10-4 0.241442 x 10 -4 1.961237
0.230558 x 10 -4 0.7,62165 x 10 -4 1.961256r
0.307411 x 10-4 0.482889 x 10 -4 1.961275
0.384264 x 10 -4 0.603614 x 10 -4 1.961294
0.461117 x 10 -4 0.724340 x 10 -4 1.961313
0.537970 x 10 -4 0.845067 x 10 -4 1.961332
0.614823 x 10 -4 0.965795 x 10 -4 1.961351
0.691676 x 10 -4 0.108652 x 10 -3 1.961370
0.768528 x 10 -4 0.120725 x 10 -3 1.961389
0.153706 x 10-3 0.241462 x 10 -3 1.961580
0.230559 x 10 -3 0.362208 x 10 -3 1.961771
0.307411 x 10 -3 0.482965 x 10-3 1.961961
0.384264 x 10-3 0.603733 x 10 -3 1.9621S2
0.461117 x 10-3 0.724512 x 10 -3 1.962343
0.537970 x 10-3 0.845301 x 10-3 1.962534
0.614823 x 10-3 0.966101 x 10 -3 1.962725
0.691676 x 10-3 0.108691 x 10 -2 1.962917
0.768528 x 10 -3 0.120773 x 10-2 1.963108
0.153706 x 10 -2 0.241653 x 10-2 1.965024
31
TABLE 1. (CONTINUED)
P P /P
Z ^- -7 n (dB)
n
0.230559 x 10 -2 0.362640 x 10 -2 1.966949
0.307411 x 10-2 0.483736 x 10-2 1.968881
0.384264 x 10 -2 0.604939 x 10 -2 1.970820
0.461117 x 10-2 0.72)253 x 10 -2 1.972767
0.537970 x 10 -2 0.847676 x 10-2 1.974721
0.614823 x 10-2 0.969210 x 10 -2 1.976682
0.691676 x 10 -2 0.109086 x 10 -1 1.978650
0.768528 x 10-2 0.121261 x 10 -1 1.980625
0.153706 x 10-1 0.243649 x 10 -1 2.000748
0.230559 x 10 -1 0.367223 x 10-1 2.021484
0.307411 x 10 -1 0.492034 x 10-1 2.042754
0.384264 x 10 -1 0.618127 x 10-1 2.064480
0.461116 x 10 -1 0.745538 x 10 -1 2.086588
0.537970 x 10
-1
0.874296 x 10 -1 2.109005
0.614823 x 10 -1 0.100442 2.131663
0.691676 x 10-1 0.113593 2.154496
0.768528 x 10 -1 0.126883 2.177442
0.153706 0.267234 2.402020
0.230559 0.419121 2.595582
0.307411 0.578650 2.746960
0.384264 0.742397 2.860061
0.461117 0.908153 2.943479
0.537970 0.107474 x 10 3.005444
0.614823 0.124160 x 10 3.052308
0.691676 0.140850 x 10 3.088558
0.768528 0.157538 x 10 3.117252
0.153706 x 10 0.324213 x 10 3.241406
cl 0.230559 x 10 0.490773 x 10 3.280995
32
TABLE 1. (CONCLUDED)
P P /P
Z
Ps sZ n (dB)
n
0.307411 x 10 0.657308 x 10 3.300490
0.384264 x 10 0.823834 x 10 3.312097
0.461117 x 10 0.990355 x 10 3.319798
0.537970 x 10 0.115687 x 102 3.325281
0.614823 x 10 0.132339 x 102 3.329383
0.691676 x 10 0.148991 x 102 3.332568
0.768528 x 10 0.165642 x 102 3.335113
0.153706 x 102 0.332156 x 102 3.346524
0.230559 x 102 0.498669 x 102 3.350314
0.307411 x 102 0.665182 x 102 3.352207
0.384264 x 102 0.831695 x 102 3.353341
0.461117 x 102 0.998208 x 102 3.354097
0.537970 x 102 0.116472 x 103 3.354637
0.614823 x 102 0.133123 x 103 3.355042
0.691676 x 102 0.149775 x 103 3.355357
0.768528 x 102 0.166426 x 103 3.355609
0.153706 x 10 3 0.332939 x 103 3.356742
0.230559 x 10 3 0.499451 x 103 3.357119
0.307411 x 103 0.665964 x 103 3.357308
0.384264 x 103 0.832477 x 103 3.357421
0.461117 x 10 3 0.998989 x 103 3.357496
0.537970 x 10 3 0.116550 x 104 3.357550
0.614823 x 103 0.133201 x 104 3.357591
0.691676 x 10 3 0.149853 x 104 3.357622
0.768528 x 103 0.166504 x 104 3.357647
0.153706 x 104 0.333017 x 104 3.357760
ICT
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TABLE 2. CALCULATED DATA ACCORDING TO EQUATION (24) FOR s = 1.0 RAD
^s
i
Ps Ps/PnZ
1^
-7-
0.387289 x 10 -5 0.608354 x 10 -5 1.961208
0.774578 X`10-5 0.121671 x 10-4 1.961218
0.116187 x 10-4 0.182507 x 10 -4 1.961228
0.154916 x 10-4 0.243343 x 10-4 1.961237
0.193645 x 10 -4 0.304179 x 10-4 1.961247
0.232373 x 10-4 0.365016 x 10-4 1.961256
0.271102 x 10-4 0.425853 x 10-4 1.961266
0.309831 x 10-4 0.486690 x 10-4 1.961276
0.348560 x 10 -4 0.547528 x 10-4 1.961285
0.387289 x 10 -4 0.608366 x 10-4 1.961295
0.774578 x 10 -4 0.121676 x 10-3 1.961391
0.116187 x 10-3 0.182518 x 10-3 1.961487
0.154916 x 10 -3 0.243362 x 10 -3 1.961583
0.193645 x 10 -3 0.304210 x 10-3 1.961679
0.232373 x 10 -3 0.365060 x 10-3 1.961775
0.271102 x 10-3 0.425912 x 10 -3 1.961871
0.309831 x 10-3 0.486768 X 10-3 1.961967
0.348560 x 10-3 0.547626 x 10-3 1.962063
0.387289 x 10-3 0.608487 x 10-3 1.962159
0.774578 x 10-3 0.121724 x 10 -2 1.963119
0.116187 x 10 -2 0.182627 x 10 -2 1.964078
0.154916 x 10 -2 0.243556 x 10 -2 1.965038
0.193645 x 10-2 0.304512 x 10-2 1.965997
0.232373 x 10-2 0.365496 x 10 -2 1.966956
0.271102 x 10-2 0.426506 x 10-2 1.967915
0.309831 x 10-2 0.487543 x 10 -2 1.968874
0.348560 x 10-2 0.548607 x 10 -2 1.969833
0.387289 x 10-2 0.609697 x 10-2 1.970791
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TABLE 2. (CONTINUED)
Ps PS/PnZ F --2--
0.774578 x 10 -2 0.122209 x 10 -1 1.980368
0.116187 x.10 -1 0.183717 x 10 -1 1.989927
0.154916 x 10 -1 0.245495 x 10 -1 1.999471
0.193645 x 10 -1 0.307542 x 10 -1 2.008998
0.232373 x 10 -1 0.369860 x 10 -1 2.018508
0.271102 x 10 -1 0.432448 x 10 -1 2.028002
0.309831 x 10 -1 0.495305 x 10 -1 2.037479
0.348560 x 10 -1 0.558A34 x 10 -1 2.046939
0.387289 x 10 -1 0.621833 x 10 -1 2.056382
0.774578 x 10 -1 0.127073 2.149870
0.116187 0.194677 2.241590
0.154916 0.264998 2.331476
0.193645 0.338028 2.419471
0.232373 0.413751 2.505522
0.271102 0.492143 2.589583
0.309831 0.573174 2.671615
0.348560 0.656805 2.751587
0.387289 0.742989 2.829473
0.774578 0.173107 x 10 3.492494
0.116187 x 10 0.289184 x 10 3.960171
0.154916 x 10 0.414598 x 10 4.275315
0.193645 x 10 0.543889 x 10 4.485051
0.232373 x 10 0.674280 x 10 4.626538
0.271102 x 10 0.804672 x 10 4.724857
0.309831 x 10 0.934755 x 10 4.795725
0.348560 x 10 0.106451 x 102 4.848727
0.387289 x 10 0.119401 x 102 4.889718
0.774578 x 10 0.248378 x 102 5.060472
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TABLE 2. (CONCLUDED)
Z
^
--T-
n
0.116187 x 102 0.377143 x 102 5.113491
0.154916 x 102 0.505868 x 102 5.139421
0.193645 x 102 x.634579 x 102 5.154806
0.232373 x 102 0.763283 x 102 5.164014
0.271102 x 102 0.891984 x 102 5.172237
0.309831 x 102 0.102068 x 103 5.177652
0.348560 x 102 0.114938 x 103 5.181852
0.387289 x 102 0.127807 x 103 5.185206
0.774578 x 102 0.256500 x 103 5.200229
0.116187 x 103 0.385192 x 103 5.205210
0.154916 x 103 0.513884 x 103 5.207697
`	 0.193645 x 103 0.642575 x 103 5.209187
0.232373 x 103 0.771266 x 103 5.210180
0.271102 x 103 0.899958 x 103 5.210889
0.309831 x 103 0.102865 x 104 5.211420
0.348560 x 103 0.115734 x 104 5.211833
0.387289 x 103 0.128603 x 104 5.212164
0.774578 x 103 0.257294 x 104 5.213651
0.116187 x 104 0.385986 x 104 5.214146
0.154916 x 104 0.514677 x 104 5.214394
0.193645 x 104 0.64:368 x 104 5.214542
0.232373 x 104 0.772059 x 104 5.214641
0.271102 x 104 0.900750 x 104 5.214712
0.309831 x 104 0.102944 x 105 5.214765
0.348560 x 104 0.115813 x 105 5.214806
0.387289 x 104 0.128682 x 105 5.214839
0.774578 x 104 0.257374 x 105 5.21.4988
0.116187 x 105 0.386065 x 105 5.215044
36
P P /P
Z
Pn
n
-^ n (dB)
0.768528 x.10-6 0.603602 x 10 -6 -1.049093
0.153706 x 10 -5 0.120721 x 10-5 -1.049084
0.230559 x 10 -5 0.181081 x 10-5 -1.049076
0.307411 x 10-5 0.241442 x 10 -5 -1.049067
0.384264 x 10 -5 0.301803 x 10 -5 -1.049059
0.461117 x 10 -5 0.362165 x 10-5 -1.049051
0.537970 x 10 -5 0.422526 x 10 -5 -1.049042
0.614823 x 10 -5 0.482888 x 10-5 -1.149034
0.691676 x 10 -5 0.543250 x 10-5 -1.049025
0.768528 x 10 -5 0.603613 x 10 -5 -1.049017
0.153706 x 10-4 0.120725 x 10-4 -1.038932
0.230559 x 10 -4 0.181091 x 10-4 -1.048848
0.307411 x 10 -4 0.241459 x 10 -4 -1.048763
0.384264 x 10-4 0.301830 x 10 -4 -1.048679
0.461117 x 10 -4 0.362203 x 10 -4 -1.048594
0.537970 x 10 -4 0.422578 x 10-4 -1.048510
0.614823 x 10 -4 0.482956 x 10 -4 -1.048426
0.691676 x 10-4 0.543336 x 10 -4 -1.048341
0.768528 x 10 -4 0.603718 x 10-4 -1.048257
0.153706 x 10 -3 0.120767 x 10 -3 -1.047412
0.230559 x 10 -3 0.181186 x 10 -3 -1.046567
0.307411 x 10-3 0.241628 x 10 -3 -1.045722
0.384264 x 10 -3 0.302094 x 10 -3 -1.044876
0.461117 x 10 -3 0.362584 x 10 -3 -1.044031
0.537970 x 10 -3 0.423097 x 10-3 -1.043185
0.614823 x 10-3 0.483633 x 10-3 -1.042339
0.691676 x 10 -3 0.544193 x 10-3 -1.041493
0.768528 x 10-3 0.604777 x 10-3 -1.040647
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cTABLE 3. (CONTINUED)
PS Ps/Pn
rn
0.15370E x 10-2 0.121192 x 10-2 -1.032174
0.230559 x 10 -2 0.182143 x 10 -2 -1.023683
0.307411 x 10 -2 0.243334 x 10 -2 -1.015176
0.384264 x 10 -2 0.304765 x 10 -2 -1.006646
0.461117 x 10 -2 0.366438 x 10-2 -0.998102
0.537970 x 10 -2 0.428355 x 10 -2 -0.989540
0.614823 x
 10 -2 0.490517 x 10-2 -0.980962
0.691676 x 10 2 0.552924 x 10 -2 -0.972367
0.768528 x 10 -2 0.615580 x 10 -2 -0.963757
0.153706 x 10 -1 0.125605 x 10-1 -0.876822
0.230559 x 10-1 0.192276 x 10-1 -0.788571
0.307411 x 10-1 0.261695 x 10-1 -0.699250
0.384264 x 10 -1 0.333981 x 10-1 -0.609082
0.461117 x 10-1 0.409246 x 10-1 -0.518270
0.537970 x 10-1 0.437593 x 10-1 -0.427006
0.614823 x 10 -1 0.569119 x 10-1 -0.335465
0.691676 x 10 -1 0.653915 x 10-1 -0.243814
0.768528 x 10 -1 0.742059 x 10-1 -0.152213
0.153706 0.181886 0.731104
0.230559 0.324343 1.482239
0.307411 0.492389 2.145886
0.384264 0.671980 2.427266
0.461117 0.852320 2.667918
0.537970 0.102861 x 10 2.814946
0.614823 0.120010 x 10 2.904685
0.691676 0.136759 x 10 2.960527
0.768528 0.153211 x 10 2.996291
0.153706 x 10 0.311673 x 10 3.07Ga98
Ci
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cTABLE 3. (CONCLUDED)
Ps p /PZ s n
0.230559 x 10 0.467054 x 10 3.065858
0.307411 x 10 0.621633 x 10 3.058143
0.384264 x 10 0.775877 x 10 3.051627
0.461117 x 10 0.729947 x 10 3.046470
0.537970 x 10 0.108392 x 102 3.042377
0.614823 x 10 0.123782 x 102 3.039080
0.691676 x 10 0.139168 x 102 3.036379
0.768S28 x 10 0.1S4S51 x le 3.034131
0.153706 x 102 0.308314 x 102 3.023039
0.230559 - 102 0.462040 x 102 3.018979
0.307411 x 2102 x 102 5.016880
0.384264 x 10" 0.769466 x 102 3.01SS98
0.461117 x 102 0.923176 x 102 3.014734
G.S37970 x 102 0.107688 x 103 3.014112
0.614823 x 102 0.123059 x 103 3.013643
0.691676 x 10' 0.138430 x 1n3 3.013477
0.768528 x 102 0.153801 x 103 3.012983
0.153706 x 103 0.307507 x 103 3.011650
0.230559 x 103 0.461213 x 103 3.011202
0.30741-1 x 103 0.614919 x 103 3.016977
0.384264 x 103 0.768624 x 10' 3.010842
0.461117 x 103 0.922330 x 103 3.01n752
0.537970 x 10 0.107604 x 104 3.010687
0.614823 x 103 0.122974 x le 3.010639
0.691676 x 103 0.138345 x le 3.010601
0.768528 x 103 0.10715 x 104 3.010571
0.153706 x 104 0.307421 x 104 3.010436
Ci.
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TABLE 4. CALCULATED DATA ACCORDING TO EQUATION (41) FOR a = 1.0 RAD
Ps Psi n
Z P- Z
0.387289 x 10 -5 0.304177 x 10-5 -1.049090
0.774578 x 10-5 0.608355 x 10-5 -1.049079
0.116187 x 10 -4 0.912535 x 10-5 -1.049068
0.154916 x 10 -4 0.121672 x 10-4 -1.049057
0.193645 x 10 -4 0.152090 x 10 -4 -1.049046
0.232373 x 10 -4 0.182508 x 10 -4 -1.049034
0.271102 x 10-4 0.212927 x 10 -4 -1.049023
0.309831 x 10-4 0.243346 x 10-4 -1.049012
0.348560 x 10 -4 0.273765 x 10 -4 -1.049001
0.397289 x 10-4 0.304184 x 10 -4 -1.048990
0.774578 x 10 -4 0.608383 x 10-4 -1.048879
0.116187 x 10 -3 0.912598 x	10-it -1.048767
0.154916 x 10 -3 0.121683 x 10-3 -1.048656
0.193645 x 10 -3 0.152108 x
 1U-3 -1.048544
0.232373 x 10-3 0.182534 x 10 -3 -1.048437
0.271102 x 10-3 0.212961 x 10-3 -1.048322
0.309831 x 10-3 0.243391 x 10-3 -1.048210
0.348560 x 10-3 0.273822 x 10 -3 -1.048099
0.387289 x 10 -3 0.304254 x 10-3 -1.047988
0.774578 x 10 -3 0.608664 x 10-3 -1.046875
0.11.6187 x 10 -2 0.913230 x 10 -3 -1.045761
0.154916 x 10 -2 0.121795 x 10 -2 -1.044648
0.193645 x 10-2 0.152283 x ln-2 -1.043535
0.232373 x 10-2 0.182787 x
 10-2 -1.042422
0.271102 - 10 -2 0.213306 x 10-2 -1.041309
0.309831 x 10-2 0.243840 x 10-2 -1.040196
0.348560 x 10-2 0.274391 x 10-2 -1.039083
0.387289 x 10 -2 0.304957 x
 10-2 -1.037970
40
TABLE 4. (CONTINUED)
PS Ps/ n
Z 1; -2--
0.774578 x 10-2 0.611478 x 10-2 -1.026844
0.116187 x 10 -1 0.919568 x 10-2 -1.015724
0.154916 x 10-1 0.122923 x 10 -1 -1.004610
0.193645 x 10 -1 0.154048 x 10-1 -0.993502
0.232373 x 10 -1 0.185330 x 10 -1 -0.982401
0.271102 x lo 'l 0.216772 x 10 -1 -0.971306
0.309831 x 10 -1 0.248372 x 10 -1 -0.960218
0.348560 x 10 -1 0.280133 x 10 -1 -0.949137
0.387289 x 10 -1 0.312053 x 10 -1 -0.938063
0.774578 x 10-1 0.640161 x 10 ' -0.827762
0.116187 0.984731 x 10 -1 -0.718391
0.154916 0.134611 -0.610132
0.193645 0.172461 -0.503155
0.232373 0.212043 -0.397621
0.271102 0.253376 -0.293675
0.309831 0.296469 -0.191454
0.348560 0.341326 -0.091080
0.387289 0.387944 0.007334
0.774578 0.945835 0.867502
0.116187 x 10 0.163715 x 10 1.489307
0,154916 x 10 0.240283 x 10 1.906285
0.193645 x 10 0.319690 x 10 2.177236
0.232373 x 10 0.399574 x 10 2.354111
0.271102 x 10 0.479101 x 10 2.472934
0.309831 x 10 0.558124 x 10 2.556059
0.348560 x 10 0.636726 x 10 2.616752
0.387289 x 10 0.715022 x 10 2.662841
0.774576 x 10 0.149247 x 10 2.848417
41
TABLE 4. (CONCLUDED)
Ps
Ps/PnZ
Pn
Z
0.116187 x 102 0.226780 x 102 2.904474
0.154916 x 102 0.304272 x 102 2.931670
0.193645 x 102 0.381750 x 102 2.947740
0.232373 x 102 0.459221 x 102 2.958355
0.271102 x 102 0.536688 x 102 2.965889
0.309831 x 1V 0.614153 x 102 2.971515
0.34856G x 102 0.691616 x 102 2.975875
0.387289 x 102 0.769078 x 102 2.979354
0.774578 x 102 0.154368 x 103 1.994908
0.116187 x 103 0.231826 x 103 3.000056
0.154916 x 103 0.309284 x 103 3.002624
0.193645 x 103 0.386742 x 103 3.004162
0.232373 x 103 0.464200 x 10`1 3.005187
0.271102 x 103 0.541658 x 103 3.005918
0.309831 x 103 0.619116 x 103 3.006467
0.348560 x 103 0.696574 x 103 3.006893
0.387289 x 103 0.774031 x 103 3.007234
0.774578 x 103 0.154861 x 104 3.008768
0.116187 x 104 0.232319 x 104 3.009279
0.154916 x 104 0.309777 x 104 3.009534
0.193645 x 104 0.387234 x 104 3.009687
0.232373 x 104 0.464692 x 104 3.009789
0.271102 x 104 0.542150 x 104 3.009862
0.309831 x 104 0.619608 x 104 3.00991T
0.348560 x 104 0.697066 x 104 3.009960
0.387289 x 104 0.774523 x 104 3.009994
0.774578 x 104 0.154910 x 105 3.010147
0.116187 x 105 0.232368 x 105 3.010204f
42
TABLE S. CAJLULATED OPTIIJI DATA FOR B = 1.0
f
RaoutSNRin Z
w ut r - (dB)
1 x 10 -5 0.387289 x 10 -5 0.764051 x 10 -5 2.950873
2 x 10 -' 0.774578 x 10-5 0.152811 x 10_4 2.950889
3 x 10 -5 0.116187 x 10 -4 0.229217 x 10 -4 2.950906
4 x 10-5 0.154916 x 10-4 0.305624 x 10-4 2.950923
5 x lv-5 0.193645 x 10-4 0.382031 x 10 -4 2.950939
6 x 10 -5 0.232373 x 10 -4 0.458439 x 10 -4 2.950956
7 x 10 -5 0.271102 x 10 -4 0.534848 x 10-4 2.950972
8 x 10 -5 0.309831 x 10 -4 0.611257 x 10 -4 2.950989
9 x 10 -5 0.348560 x 10 -4 0.687667 x 10 -4 2.951006
1 x 10 -4 0.387289 x 10 -4 0.764078 x 10 -4 2.951022
2 x 10-4 0.774578 x 10 -4 0.152821 x 10-3 2.951188
3 x 10 -4 0.116187 x 10 -3 0.229241 x 10 -3 2.951354
4 x 10 -4 0.154916 x 10-3 0.305666 x 10 -3 2.951520
5 x 10 -4 0.193645 x 10 -3 0.38209" x 10 -3 2.951686
6 x 10 -4 0.232373 x 10 -3 0.458534 x 10 -3 2.951851
7 x 10 -4 0.271102 x 10 -3 0.534977 x 10-3 2.952017
8 x 10-4 0.309831 x 10 -3 0.611425 x 10 -3 2.952183
9 x 10-4 0.348560 x 10 -3 0.687880 x 10 -3 2.952349
1 x 10 -3 0.387289 x 10 -3 0.764340 x 10 -3 2.952515
2 x 10 -3 0.774578 x 10 -3 0.152926 x 10 -2 2.954172
3 x 10 -3 0.116187 x 10 -2 0.229477 x 10 -2 2.955828
4 x 10-3 0.154916 x 10 -2 0.306086 x 10 -2 2.957483
5 x 10 -3 0.193645 x 10 -2 0.382753 x 10 -2 2.959137
6 x 10-3 0.232373 x 10 -2 0.459479 x 10 -2 2.960790
7 x 10 -' 0.271102 x 10-2 0.536262 x '10 -2 2.962442
8 x 10-3 0.309831 x 10 -2 0.613104 x 10 -2 2.964092
9 x 10 -3 0.348560 x 10 -2 0.690004 x 10 -2 2.965742
1 x 10 -2 0.387289 x 10 -2 0.766963 x 10 -2 2.967390
TABLE S. (CQNI'INUED)
bout
min Z 9 out (dB)
2 x 10 -2 0.774578 x 10 -2 0.153974 x 10 -1 2.983810
3 x 10 -2 0.116187 x 10 -1 0.231829 x 10 -1 3.000117
4 x 10-2 0.154916 x 10 -1 0.310261 x 10 -1 3.016314
5 x 10 -2 0.193645 x 10 -1 0.389265 x 10 -1 3.032401
6 x 10 -2 0.232373 x 10 -1 0.468840 x 10 -1 3.048381
7 x 10 -2 0.271102 x 10 -1 0.548983 x 10 -1 3.064255
8 x 10 -2 0.309831 x 10 -1 0.629691 x 10 -1 3.080024
9 x 10 2 0.348560 x 10 -1 0.710962 x 10 -1 3.095689
1 x 10 -1 0.387289 x 10 -1 0.792794 x 10 -1 3.111253
2 x 10 -1 0.774578 x 10 -1 0.164142 3.261557
3 x 10 -1 0.116187 0.254362 3.402966
4 x 10 -1 0.154916 0.349736 3.536449
5 x 10 -1 0.193645 0.450076 3.662805
6 x 10 -1 0.232373 0.555209 3.782700
7 x 10 -1 0.271102 0.664971 3.896694
8 x 10 -1 0.309831 0.779205 4.005265
9 x 10 -1 0.348560 0.897759 4.108822
1 0.387289 0.102049 x 10 4.207721
2 0.774578 0.244629 x 10 4.994431
3 0.116187 x 10 0.414048 x 10 5.518947
4 0.154916 x 10 x.598918 x 10 5.872722
S 0.193645 x 10 0.791256 x 10 6.113117
6 0.232373 x 10 0.986503 x 10 6.279119
7 0.271102 x 10 0.118252 x 102 6.396754
8 0.309831 x 10 0.137850 x 102 6.482808
9 0.348560 x 10 0.157422 x 102 6.547869
1 x 10 0.387289 x 10 0.176967 x 102 6.598578
2 x 10 0.774578 x 10 0.371844 x 102 6.812961
r_
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cTABLE S. (CONCLUDED)
SIMM Z
apt --z	 (dB)
3 x 10 0.116187 x 102 0.566486 x 102 6.880324
4 x 10 0.154916 x 102 0.76108S x 102 6.913378
S x 10 0.193645 x 102 0.9S5669 x 102 6.933021
6 x 10 0.232373 x 102 0.115025 x 103 6.946040
7 x 10 0.271102 x 102 0.134482 x 103 6.955303
8 x 10 0.309831 x 102 0.153939 x 103 6.962230
9 x 10 0.348560 x 102 0.173396 x 103 6.967606
1 x 102 0.387289 x 102 0.1928S2 x 103 6.971900
2 x 102 0.774578 x 102 0.387418 x 103 6.991142
3 x 102 0.116187 x 103 0.581982 x 103 6.997528
4 x 102 0.1S4916 x 103 0.776S4S x 103 , 7.000715
S x 102 0.193645 x 103 0.971109 x 103 7.002626
6 x 102 0.232373 x 103 0.116567 x 104 7.003900
7 x 102 0.271102 x 103 0.136024 x id, 7.004809
8 x 102 0.309831 x 103 0.155480 x 10'' 7.005490
9 x 102 0.348560 x 103 0.174936 x 104 7.005020
1 x 102 0.387289 x 103 0.194393 x id, 7.006444
2 x 103 0.774578 x 103 0.388956 x ld' 7.008351
3 x 103 0.116187 x 104 0.583519 x 1C' 7.008987
4 x 103 0.154916 x 1& 0.778083 x id, 7.009305
5 x 103 0.193645 x 104 0.972646 x 104 7.009495
6 x 103 0.232373 x 104 0.116721 x 105 7.009622
7 x 103 0.271102 x 10'' 0.136177 x 105 7.009713
8 x 103 0.309831 x 104 O.1SS634 x 105 7.009781
9 x 103 0.348S60 x 104 0.175090 x 105 7.009834
1 x 104 0.387289 x 104 0.194546 x 105 7.009876
2 x 104 0.774S78 x 104 0.389110 x 105 7.010067
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